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ABSTRACT 


An  analytical  investigation  was  conducted  to  study  the  anplitude  of  lateral 
vibrations  and  vibrational  energy  and  power  of  an  unbalanced  rotor  passing  through  its 
first  lateral  bending  critical  speed.  A  two  degree-of-fi*eedom  lumped  mass,  danping  and 
stiffiiess  model  was  developed  to  simulate  the  response  of  a  singly  supported,  single  disk 
rotor.  Given  an  arbitrary  input  acceleration  or  deceleration,  the  equations  of  motion  were 
solved  numerical^  using  a  fourth  order  Runge-Kutta  routine.  The  routine  used  a  time  step 
that  corresponded  to  a  constant  angular  phase  of  rotation.  The  relationship  between  the 
forcing  function  and  lateral  vibrational  velocity  was  determined  in  order  to  predict  the 
instantaneous  power  input  to  the  rotor  due  to  the  unbalanced  rotor.  The  conq)uter  model 
incorporating  an  acceleration  schedule  yielded  a  result  that  predicts  acceleration 
scheduling  in  the  location  about  the  critical  speed  is  unable  to  lower  the  amplitude  of 
lateral  vibrations. 
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X  direction  forces  caused  by  y  direction  velocity. 
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Acceleration  of  the  shaft,  (cycles  /  sec^) 
Time,  (seconds) 


Damping  ratio  (C  /  2ma>^ )  (1). 


I.  INTRODUCTION 


Rotating  machinery  is  widely  used  in  industrial  and  military  applications. 
Applications  range  from  gas  and  steam  turbines  to  electric  motors.  Rotating  shafts  have 
many  vibration  modes  such  as  axial,  torsional  and  lateral.  Lateral  vibration  is  the  most 
important  mode  of  vibration  in  turbomachine  rotors.  The  lateral  vibration  is  a  vibration 
displacement  in  the  direction  perpendicular  to  the  shaft  axis. 

In  many  applications  of  rotating  machinery,  operation  at  speeds  well  above  the 
first  or  second  lateral  critical  speed  is  used.  The  reason  is  that  higher  speeds  are 
necessary  to  achieve  high  power  densities  and  low  lateral  vibrations.  When  equipment  is 
brought  to  operating  speed  from  rest  or  when  stopping  the  machinery  the  critical  speed 
must  be  crossed.  Transition  through  these  critical  speeds  can  induce  a  large  dynamic 
response  in  the  form  of  lateral  vibrations.  The  maximum  amplitude  of  these  vibrations  is 
responsible  for  some  constraints  in  the  design  of  rotating  equipment.  For  example,  large 
midspan  lateral  vibrations  may  require  the  designer  to  use  additional  tip  clearance  in 
turbomachines.  The  increased  tip  clearance  will  in  turn  reduce  the  aerodynamic 
performance  of  the  turbomachine.  In  addition,  the  response  will  create  bending  stresses 
and  fatigue  in  the  shafting  leading  to  reduced  life  of  the  components.  Thus,  it  is  crucial 
that  this  response  be  minimized.  In  addition  to  the  problems  of  lateral  vibrations,  energy 
is  transmitted  through  the  bearings  to  the  foundation  of  the  machinery.  This  energy  in 
turn  is  radiated  through  the  structure  and  into  the  water  as  acoustic  noise.  The  reduction 
of  this  noise  is  a  prime  interest  to  the  U.S.  Navy  in  submarine  and  surface  ship  silencing. 
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The  response  of  the  rotor  as  it  passes  ifrom  subcritical  to  supercritical  speed  is 
affected  by  many  factors.  These  factors  include  residual  imbalance  of  the  rotating  shaft, 
acceleration  rate,  lubrication  fluid  forcing  within  the  bearing,  method  of  mounting, 
bearing  type  and  shaft  orientation.  Shafts  are  typically  balanced  as  well  as  can  be 
practically  obtained.  However,  the  response  through  the  critical  speed  can  still  cause 
unacceptable  design  limitations  or  severe  alternating  stresses  in  the  shafting. 

The  state  of  t)ie  art  to  reduce  lateral  vibrations  through  the  critical  speed  is  to 
accelerate  the  rotor  as  fast  as  possible  through  the  critical  speed.  This  minimizes  the  time 
during  which  the  rotor  is  near  its  natural  frequency  and  reduces  the  energy  input  into  the 
lateral  mode  of  vibration.  Increased  damping  will  also  assist  in  lowering  the  maximum 
amplitude  of  the  lateral  vibrations  when  passing  through  the  critical  speed.  The  increased 
damping  level  can  be  in  excess  of  the  optimum  damping  for  supercritical  operation. 

Other  methods  to  reduce  the  lateral  vibration  through  critical  speed  involve  the  use 
of  active  controls.  These  methods  generally  change  the  shaft  or  bearing  stiflfiiess  and  thus 
increase  the  natural  frequency  and  critical  speed.  After  the  rotor  is  accelerated  past  the 
unaided  critical  speed,  the  apparatus  disengages  causing  an  instantaneous  reduction  in 
stififiiess  in  the  system.  The  rotor  is  suddenly  in  supercritical  operation  for  the  new 
configuration.  The  critical  speed  is  crossed  without  inducing  a  large  dynamic  response. 

Recent  work  has  shown  that  acceleration  scheduling  can  lower  the  maximum 
amplitude  of  the  lateral  vibrations.  The  concept  of  acceleration  scheduling  is  that  the  rotor 
acceleration  is  a  fimction  of  time.  The  variable  acceleration  rate  is  chosen  such  that  it  will 
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minimize  the  lateral  vibration  response.  This  is  a  promising  solution  in  that  only  the 
control  equipment  need  be  modified  in  order  to  implement  the  acceleration  schedule. 

The  objective  of  this  research  is  to  investigate  the  how  the  rate  of  acceleration 
affects  the  lateral  vibration  response  of  a  rotor  as  it  is  accelerated  through  the  first  lateral 
bending  critical  speed.  The  knowledge  gained  through  this  investigation  will  then  be 
applied  toward  predicting  an  optimum  acceleration  schedule.  Acceleration  scheduling  has 
the  potential  to  reduce  the  maximum  amplitude  of  lateral  vibration  and  to  reduce  the 
energy  transmitted  in  the  form  of  lateral  vibrations.  A  computer  model  along  with  a 
numerical  solution  was  used  to  determine  the  amplitude  and  velocity  of  the  vibrating  shaft, 
the  power  being  diverted  into  lateral  vibration  and  forces  generated  by  the  unbalance 
present  in  the  whirling  shaft. 

In  Chapter  II,  a  brief  background  is  provided  on  the  literature  on  rotors  transiting 
through  critical  speed. 

In  Chapter  III,  a  two  degree-of-fi'eedom  analytical  model  is  developed  for 
predicting  the  lateral  response  of  a  single  rotor  with  an  arbitrary  input  acceleration.  The 
abihty  to  change  the  imbalance  of  the  rotor,  dancing  and  stiflfaess,  initial  and  final  RPM, 
is  also  included.  The  equations  of  motion  are  explained  and  method  of  solution  is 
demonstrated.  A  fi'ee  body  diagram  graphically  explains  the  relation  of  forces,  vibrational 
velocity  and  displacement,  angular  acceleration,  velocity  and  displacement.  The  results  of 
the  model  using  a  constant  accelerations  are  compared  to  results  obtained  by  Reed 
[Ref  1]. 
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In  Chapter  IV,  the  results  of  the  modeling  and  simulation  of  the  rotor  shaft  are 
presented.  The  results  are  then  used  to  explain  the  implications  on  acceleration 
scheduling. 

Conclusions  and  recommendations  are  presented  in  Chapter  V. 
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n.  BACKGROUND 


The  study  of  the  response  of  an  accelerating  rotor  began  in  1932  with  Lewis 
[Ref  2].  Lewis  determined  an  exact  analytical  solution  of  a  linearly  damped,  single 
degree-of-freedom  system  accelerated  from  rest  through  the  first  critical  speed  at  a 
constant  acceleration  rate.  His  solution  was  expressed  in  terms  of  Fresnel’s  integrals.  A 
graphical  solution  using  dimensionless  parameters  for  acceleration,  frequency  and 
response  analytically  was  determined  and  some  flmdamental  aspects  of  the  accelerating 
rotor  were  provided.  The  apparent  critical  speed  is  the  instantaneous  speed  of  maximum 
response  amplitude.  The  apparent  critical  speed  will  occur  at  higher  speeds  and  the 
maximum  amplitude  will  decrease  with  higher  accelerations.  Additionally,  the  apparent 
critical  speed  will  occur  at  lower  speeds  and  the  maximum  anqjlitude  will  decrease  with 
increasing  deceleration. 

In  1933,  Poschl  [Ref  3]  and  Baker  [Ref  4  ]  in  1939,  obtained  similar  results  to 
those  of  Lewis. 

In  1939,  Mueser  and  Weibel  [Ref  5]  extended  the  analysis  to  include  a  generalized 
solution  for  the  response  of  a  single  degree-of-freedom  system  accelerating  through  its 
critical  speed.  The  system  incorporated  the  effects  of  a  cubic  nonlinear  spring  and  viscous 
danq)ing. 

In  1949,  McCann  and  Bennett  [Ref  6]  analyzed  a  rhulti  degree-of-freedom  system 
subject  to  a  constant  acceleration. 
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In  1965,  Filippov  [Ref.  7]  produced  analytical  solutions  on  the  vibration  response 
of  a  linear  oscillator  using  several  forcing  functions,  F(t).  A  linearly  increasing 
acceleration  rate  is  solved  using  LommeFs  functions.  Using  similar  methods  of  analysis, 
he  solved  for  a  forcing  function  amplitude  increasing  proportionally  with  frequency 
squared  and  decreasing  with  frequency  squared  as  is  the  case  for  an  unbalanced  rotor. 

In  1967,  Feam  and  Millsaps  [Ref  8]  obtained  asymptotic  approximations  for  the 
mavimiim  amplitude  and  the  time  at  which  it  occurs  for  a  rotor  with  constant  acceleration 
or  deceleration. 

In  1967,  Gluse  [Ref  9]  investigated  the  acceleration  of  a  rotor  through  the  critical 
speed  with  limited  torque.  Instead  of  using  a  specified  constant  angular  acceleration,  he 
used  a  constant  applied  torque.  He  investigated  rotors  with  limited  power  supplies  and 
the  criteria  for  the  success  of  a  rotor  to  pass  through  its  critical  speed.  An  unsuccessful 
acceleration  was  one  in  which  the  rotor  was  unable  to  reach  supercritical  speed.  The 
reason  for  this  failure  was  that  the  imbalance  of  the  rotor  would  cause  large  lateral 
deflections.  These  deflections  would  develop  counter  torques  opposing  the  driving 
torque. 

Yamakawa  and  Murakami  [Ref  10]  in  1989,  investigated  and  inplemented  an 
optimum  design  of  an  operating  curve  for  a  two  degree-of-freedom  rotor  system.  The 
work  was  done  with  the  assumption  that  the  rotor  would  have  a  limited  power  supply  and 
thus  a  maximum  applied  torque.  A  gradient-based  optimization  method  was  used  to 
determine  the  operating  curve  as  to  minimize  the  dynamic  response  about  the  critical 
speed.  The  main  difference  between  their  model  and  the  one  developed  in  Chapter  HI  is 
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the  limitation  of  available  torque.  The  model  developed  assumes  that  the  motor  driving 
the  rotor  is  able  to  maintain  the  maximum  acceleration  at  all  speeds.  Additionally,  their 
model  did  not  use  cross-stiffiiess  or  cross-damping.  The  operating  curve  was  then  applied 
through  a  motor  controller  to  a  rotor  kit.  From  the  e5q)erimental  evidence  a  30% 
reduction  of  the  maximum  lateral  vibration  amplitude  was  obtained. 

In  1995,  Reed  [Ref  1]  developed  a  two  degree-of-freedom,  planar,  lumped  mass 
damping  and  stiffness  analytical  model.  Different  acceleration  rates,  asymmetric  damping, 
and  asymmetric  stiffiiess  were  implemented  in  the  model  to  predict  the  rotordynamic 
response.  He  then  used  an  experimental  rotor  fecility  to  verify  the  effect  of  the  different 
acceleration  rates  on  the  maximum  amplitude  of  the  lateral  vibrations.  He  also  conducted 
an  investigation  into  a  simple  acceleration  schedule.  In  his  acceleration  schedule,  the  rotor 
is  accelerated  from  an  initial  speed  to  a  speed  below  the  apparent  critical  speed  of  that 
acceleration  rate.  The  apparent  critical  speed  is  the  speed  at  which  that  acceleration  rate 
produces  the  maximum  amplitude.  It  occurs  at  a  higher  speed  than  that  of  the  steady  state 
critical  speed.  The  acceleration  is  switched  from  the  high  acceleration  rate  to  a  lower  rate 
of  acceleration.  The  results  of  his  model  showed  that  the  amplitude  of  the  response  was 
only  slightly  less  than  that  obtained  by  maintaining  the  high  acceleration.  The  benefit  of 
this  schedule  was  that  the  response  would  “  ring  down”  much  fester  than  the  constant  high 
acceleration  curve  and  infiict  fewer  high  lateral  vibration  cycles  about  the  apparent  critical 
frequency. 

In  1996,  Milsaps  and  Reed  [Ref  11]  conducted  work  on  the  use  of  acceleration 
scheduling  to  reduce  lateral  viteations  of  a  rotor  passing  through  critical  speeds.  This  was 
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a  continuation  of  the  work  conducted  by  Reed  on  acceleration  scheduling.  In  this  paper, 
the  High/Low  schedule  was  implemented  on  the  rotor  test  facility  to  experimentally  verify 
the  effect  of  the  acceleration  schedule.  They  obtained  a  12%  reduction  in  lateral 
vibrations  using  a  simple  acceleration  schedule.  They  deduced  that  an  even  greater 
reduction  in  lateral  vibrations  might  be  possible  with  an  optimum  acceleration  schedule. 

Currently,  it  is  known  that  the  reduction  of  the  maximum  amplitude  of  lateral 
vibrations  is  achievable  by  increasing  the  acceleration  rate  and  that  by  increasing  the 
acceleration  rate,  the  apparent  critical  jfrequency  will  shift  to  a  higher  speed.  The  research 
conducted  by  Millsaps  and  Reed  [Ref  11]  suggest  that  a  simple  high/low  acceleration 
schedule  will  also  reduce  the  anplitude  of  the  response.  Yamakawa  and  Murakami 
[Ref  10]  determined  that  an  optimum  rotor  acceleration  schedule  is  obtainable  for  limited 
power  systems. 

It  is  not  known  if  there  is  an  optimum  solution  that  will  reduce  the  maximum 
amplitude  of  lateral  vibrations.  The  status  of  the  rotor  between  the  lower  acceleration 
apparent  critical  speed  and  the  higher  acceleration  apparent  critical  speed  needs  to  be 
determined.  This  will  help  to  e}q)lain  why  acceleration  scheduling  works  and  how  the 
schedule  can  be  optimized.  Lastly,  the  behavior  of  the  rotor  as  the  acceleration  rate  is 
changed  needs  to  be  better  understood. 
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III.  ANALYTICAL  MODEL 


A.  MODEL  DEVELOPMENT 

In  order  to  predict  the  rotordynamic  response  of  a  rotor  transiting  from 
subcritical  to  supercritical,  an  analytical  model  was  developed.  The  rotor  is  characterized 
as  a  two  degree-of-freedom,  lumped  mass  and  stiffiiess  with  direct  stiffiiess  and  damping 
as  shown  in  Figure  1.  In  addition  cross-stifi&iess  and  cross-damping  terms  are  included. 
The  stifi&iess  and  damping  of  the  shaft,  bearings,  and  support  structure  are  combined  into 
single  terms  Kxx,  Kyy,  Kxy,  Kyx,  Cxx,  Cyy,  Cxy  and  Cyx.  The  model  assumes  that  the 
two  bearings  supporting  the  shaft  are  identical. 

The  equations  of  motion  for  the  rotor  and  disk  model  system  are  as  follows: 

.  2 

Mx  +  C  X  +  C  i'  +  K  X  +  K  y  =  me{@  cos©  -  ©  sin©).  (1) 

XX 

.  2 

My  -f-  Cy^y  +  Cy^x  +  Kyyy  +  Ky^x  =  me(@  sin©  +  ©  cos©).  (2) 

The  total  modal  mass  of  the  system  is  denoted  as  M.  This  is  obtained  by 
assuming  the  mode  shape  of  the  shaft  to  be  the  same  as  a  pinned-pinned  beam.  The  mass 
imbalance  is  m,  at  a  distance  e,  from  the  center  of  the  shaft.  This  distance  is  fixed  for  the 
model.  The  angular  displacement  theta,  ©,  is  a  prescribed  fimction  of  time.  This  angle  is 
measured  from  the  y-axis  as  the  disk  and  shaft  rotates  about  the  shaft  center. 
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Figure  1.  Analytic  Lamped  Mass  and  Stiffness  Model  of  a  Two  Degree-of-Freedom 
Rotating  Shaft  and  Disk  Assembly  with  Direct  and  Cross-Coupled  Linear 

Stiffness  and  Damping. 
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The  equations  of  motion  can  also  be  written  in  the  matrix  form  as  follows: 


M 

0 

Cxx  Cxy 

’  + 

Kxx  Kxy 

14 

f  =  mei 

0 

M 

bJ 

Cyx  Cyy 

[y\ 

Kyx  Kyy 

1>'J  i 

•  2 

©COS0-0  sm0 

..  .  2 
0sin0+0  COS0 


(3) 


B.  SOLUTION  TECHNIQUE 

The  equations  of  motion  were  solved  numerically  using  a  fourth  order  Runge- 
Kutta  method.  The  two  second  order  differential  equations  are  broken  down  into  four 
first  order  equations  as  follows: 


X  =  X 
1  2 


(5) 


(7) 


A  variable  time  step  corresponding  to  a  constant  phase  or  angular  displacement 
interval  of  the  rotating  disk  was  used  for  the  calculation.  This  was  done  in  order  for 
predictions  firom  the  model  to  be  matched  directly  with  the  data  points  taken  fi'om  the  lab 
feicility.  For  the  experimental  rotor,  the  (x-y)  displacement  data  are  taken  with  an  optical 
encoder.  The  optical  encoder  acquires  data  at  a  constant  angular  phase.  Four  initial 
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conditions  are  needed  to  fully  describe  the  state  of  the  rotor  system.  These  are  x  and  y 
displacement  and  velocity  in  the  x  and  y  direction.  These  initial  conditions  of  the  program 
could  be  taken  from  either  a  steady-state  solution  or  conditions  from  a  previous  time  step 
at  any  acceleration. 

1.  Radial  Displacement 

The  model  was  used  to  predict  the  x  and  y  displacement  of  the  rotor  shaft  center 
as  a  function  of  time.  The  amplitude  of  this  displacement  is  given  by: 

R(t)  =  (8) 

Figure  2  shows  the  typical  resulting  orbits  of  R(t). 


Figure  2.  Rotor  Orbits  from  the  Model  Calculated  Using  a  Constant  Phase 

Time  Step. 
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2. 


Phase  Angle  of  the  Mass  Imbalance 


In  order  to  fully  describe  the  condition  of  the  rotor  system,  the  relative  position  of 
the  mass  imbalance  to  the  (x-y)  motion  of  the  center  of  the  bearings  must  be  described. 
This  is  shown  in  Figure  3.  During  steady-state,  low  subcritical  speeds  the  imbalance  will 
remain  “heavy  side  out”.  The  mass  imbalance  is  in  the  same  phase  as  the  radial 
displacement  vector.  At  the  steady  state  critical  speed,  the  response  lags  the  forcing  by 
90°.  At  high  supercritical  speeds,  the  response  lags  the  forcing  by  1 80°.  This  condition  is 
known  as  “heavy  side  in”. 


Figure  3.  The  Relationship  Between  the  Mass  Imbalance  and  Radial  Displacement 
R(t)  for  Steady  State  Subcritical,  Critical  and  Supercritical  Speeds. 
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C.  POWER  AND  ENERGY  CONSIDERATIONS 


The  maximum  amplitude  of  radial  displacement,  R(t),  is  dependant  upon  the 
energy  fed  into  the  rotor’s  lateral  vibration.  The  energy  for  lateral  vibration  is  drawn  from 
the  rotational  energy  of  the  spinning  shaft  by  the  eccentric  whirling  mass,  m.  The  energy 
is  removed  by  damping  and  energy  transfer  back  into  the  rotational  energy  of  the  shaft. 
The  input  power  to  the  shaft  due  to  the  applied  torque,  T,  is  given  by  Equation  9. 

Pin=T(o  (9) 

0)  is  the  instantaneous  angular  velocity.  The  total  energy  of  the  system  in  the  shaft  is  the 
sum  of  the  rotational  kinetic  energy  of  the  disk,  Er,  and  the  kinetic  and  potential  energy  of 
the  lateral  vibration,  Et.  These  are  given  by  Equations  1 1  and  12  respectively. 

1  2 

Er  =  2^^^  (10) 

Et  =  ^M(i  +  y") +  ^K(x"  +  y')  (11) 

The  polar  moment  of  inertia  is  given  by  Izz.  The  power  transfer  to  and  from  the  lateral 

vibration  is  given  by  the  following  equation: 


Power  transfer  =  F(t)  •  V(t)  = 


V 


cos© 


(12) 


The  vector  F(t)  represents  the  force  as  a  result  of  the  radial  and  tangential  acceleration  of 
the  eccentric  mass.  The  vector  V(t)  is  the  velocity  of  the  center  of  the  shaft  with  respect 
to  the  bearing  centers. 
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This  relationship  is  shown  in  Figure  4.  The  angle  0i  is  the  angle  between  the  vectors  F(t) 
andV(t).  The  magnitude  of  the  velocity  V(t)  is  given  by: 


V(t) 


^x^(t)+yHO 


(13) 


Figure  4.  Model  Diagram  Showing  the  Relationship  Between  F(t)  and  V(t). 


If  the  angle,  ©i,  is  greater  than  7t  /  2,  the  power  transfer  will  be  negative.  The 
power  is  leaving  the  lateral  mode  of  vibration  and  going  into  the  rotational  power  of 
the  shaft.  This  condition  will  result  in  R(t)  decreasing  as  the  vibrational  kinetic  and 
potential  energy  is  decreasing. 
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D.  MODEL  VALIDATION 

The  computer  model  is  similar  to  the  one  produced  by  Reed  [Ref.l]  with  the 
exception  that  he  used  the  MATLAB  utility  of  ODE45  with  a  time  step  provided  by  that 
program.  His  results  were  verified  against  the  analytical  results  of  Lewis  [Ref.  2]  and  by 
comparing  the  results  obtained  for  a  very  low  acceleration  rate  to  steady  state  results.  The 
constant  phase  solution  yields  results  identical  to  Reed’s.  Therefore,  it  can  safely  be 
assumed  that  the  constant  phase  integration  method  yields  accurate  results. 
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IV.  DISCUSSION  OF  MODEL  RESULTS 


A.  MODEL  RESULTS 

1.  Introduction 

To  analyze  the  rotordynamic  response  of  a  rotor  undergoing  acceleration  through 
its  critical  speed  three  simulations  were  conducted.  Acceleration  rates  are  conq)ared  using 
a  dimensionless  nxmiber  q,  given  by: 

CDn^ 

q  =  -  (14) 

h 

2 

Where  h  is  the  acceleration  rate  in  cycles  per  second  and  (On  is  the  natural  frequency  of 
the  system  in  cycles  per  second.  The  numerical  value  of  q  corresponds  to  the  number  of 
cycles  from  0  to  (On. 

The  response  of  a  low  acceleration  of  250  RPM/second  (q=493)  was  compared  to 
the  response  at  a  high  acceleration  rate  of 2000  RPM/second  (q=62).  These  are  the  upper 
and  lower  accelerations  that  were  considered  for  the  acceleration  scheduling.  The  last 
scenario  is  the  result  of  the  proposed  acceleration  schedule  in  which  the  high  acceleration 
is  switched  to  the  low  acceleration  prior  to  the  apparent  critical  speed  of  the  higher 
acceleration.  All  plots  are  have  both  time  and  RPM  scales  to  describe  the  behavior  of  the 
rotor. 

The  rotordynamic  coefficients  were  chosen  to  match  the  steady  state  response  of 
the  experimental  facility;  These  are  shown  in  Table  1  in  the  Appendix. 
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2. 


250  RPM/Second  Constant  Acceleration  Rate 


a.  Radial  Displacement 

The  lateral  vibration  response  for  the  250  RPM/second  constant 
acceleration  rate  is  shown  in  Figure  5.  The  maximum  amplitude  of  lateral  vibrations 
occurs  at  2^90  RPM.  Figure  6  is  the  angular  difference  between  the  XY  center  of  mass  of 
the  disk  vector  angle  and  the  angle  the  rotor  has  turned.  The  XY  center  of  mass  angle  is 
determined  by  the  position  of  the  rotor  about  the  bearing  centers.  The  angle  the  rotor  has 
turned  is  determined  by  the  acceleration  of  the  rotor.  This  angular  difference  is  used  to 
determine  the  relative  phase  of  the  mass  imbalance.  From  Figure  6,  the  mass  imbalance  is 
at  0°  while  the  rotor  is  fer  below  the  critical  speed,  the  “heavy  side  out”  condition.  As  the 
rotor  approaches  the  critical  speed,  the  mass  imbalance  will  undergo  a  rotation  to  180°  out 
of  phase  with  the  response  vector.  This  is  the  “heavy  side  in”  condition.  The  lateral 
vibration  response  will  rise  and  fell  in  step  with  the  oscillation  of  the  angular  difference 
about  180°  in  the  supercritical  region. 

b.  Vibrational  Power  Transfer 

The  vibrational  power  transfer  plots  are  shown  in  Figure  7.  The  periods 
where  power  transfer  is  positive  indicates  that  the  forcing  due  to  the  mass  imbalance  is 
providing  power  to  the  lateral  vibration.  For  negative  power  transfer,  the  force  due  to  the 
mass  imbalance  is  removing  power  from  the  lateral  vibration.  Comparing  Figure  7  to 
Figine  5,  the  periods  of  increasing  response  coincide  with  periods  of  power  transfer 
greater  than  zero.  The  maximum  amplitude  of  power  transfer  lags  behind  the  maximum 
amplitude  for  response  by  about  10  RPM.  Figure  8  is  a  plot  of  the  angle  used  to  compute 
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the  lateral  vibrational  power.  From  Equation  12,  the  dot  product  of  the  two  vectors  will 
be  2ero  when  the  angular  difference  is  90°  or  270°.  At  the  speed  or  time  when  the  angle 
in  Figure  8  is  90°,  the  power  transfer  will  change  from  positive  to  negative.  The  power 
transfer  will  fluctuate  about  zero  when  the  angular  difference  oscillates  about  90°  in  the 
supercritical  region. 

3.  2000  RPM/Second  Constant  Acceleration  Rate 

a.  Radial  Displacement 

The  radial  displacement  R(t),  for  the  2,000  RPM/second  constant 
acceleration  rate  is  shown  in  Figure  9.  The  maximum  amplitude  of  lateral  vibrations 
occurs  at  2,990  RPM.  Figure  10  is  the  angular  difference  between  the  XY  center  of  mass 
of  the  disk  vector  angle  and  the  angle  the  rotor  has  turned.  From  Figure  10,  the  mass 
imbalance  is  at  0°  while  the  rotor  is  far  below  the  critical  speed,  the  “heavy  side  out” 
condition.  In  the  range  of  rotor  speeds  above  the  critical  speed  the  mass  imbalance 
continues  to  rotate  about  the  XY  center  of  mass.  The  phase  between  the  response  and 
the  imbalance  does  approach  (-180°)  in  an  oscillatory  manner  at  speeds  far  in  excess  of  the 
apparent  critical  speed.  The  continued  rotation  explains  the  supercritical  fluctuations  in 
R(t). 

b.  Vibrational  Power  T ransfer 

The  vibrational  power  transfer  plots  are  shown  in  Figure  11. 
Comparing  Figure  1 1  to  Figure  9,  the  periods  of  increasing  response  coincide  with  periods 
of  positive  power  transfer.  The  power  exhibits  rapid  fluctuations  about  zero  as  the  speed 
increases  beyond  the  critical  speed.  The  maximum  amplitude  of  power  transfer  leads  the 
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mayirmim  anplitude  for  response  by  about  90  RPM.  Figure  12  is  a  plot  of  the  angle  used 
to  compute  the  power  transfer.  The  power  transfer  begins  to  fluctuate  about  zero  when 
the  angular  difference  oscillates  about  -90°  in  the  far  supercritical  region. 

4.  Acceleration  Schedule,  2000  to  250  RPM/Second 

a.  Introduction 

The  previous  work  of  Reed  [Ref.  1]  and  MiUsaps  and  Reed  [Ref.  11] 
concluded  that  it  was  possible  to  switch  from  a  high  acceleration  to  a  low  acceleration  to 
reduce  the  maximum  amplitude  of  lateral  vibrations.  This  concept  is  known  as 
acceleration  scheduling.  The  high/low  switching  method  is  also  known  in  optimization 
text  as  the  “Bang-Bang”  or  “Bang-Off-Bang”  solution.  This  simple  but  usehil 
optimization  technique  is  also  employed  in  planning  the  trajectories  of  rockets  in  order  to 
obtain  an  optimum  fuel  consumption  rate.  The  Bang-Off-Bang  solution  means  that  the 
maximum  energy  or  power  is  put  forth  until  a  certain  time  then  the  power  or  energy  level 
is  switched  to  a  lower  energy  level  for  a  “lull”  period.  After  which  the  power  or  energy  is 
switched  back  to  the  higher  level. 

The  supporting  hypothesis  behind  this  high/low  acceleration  schedule  is 
to  take  advantage  of  the  shift  of  the  apparent  critical  speeds.  As  previously  discussed,  a 
constant  acceleration  will  cause  the  apparent  critical  speed  to  shift  toward  the  right  and 
thus  occurring  at  higher  speeds.  The  rotor  would  be  accelerated  from  a  subcritical  speed 
using  the  high  acceleration  rate.  Once  past  the  apparent  critical  speed  of  the  lower 
acceleration  rate,  at  the  speed  near  where  the  two  radial  displacement  curves  intersect,  the 
acceleration  rate  is  switched.  It  is  believed  that  the  rotor  will  respond  as  if  it  is  suddenly 
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supercritical  and  drive  toward  the  response  of  the  lower  acceleration  thus  producing  a 
maximum  amplitude  of  lateral  vibration  at  the  switching  speed. 

b.  Radial  Displacement 

The  acceleration  schedule  is  presented  in  Figure  13.  The  acceleration 
rate  is  switched  when  the  high  acceleration  rate  intersects  the  low  acceleration  rate  as 
shown  in  Figure  14.  With  the  desired  response,  a  25%  to  30%  decrease  in  the  maximum 
radial  displacement  is  possible.  Figure  15  shows  that  no  improvement  is  made  by 
switching  the  acceleration  rates.  The  maximum  response  is  slightly  above  the  10  mils 
response  of  the  2000  RPM/second  constant  acceleration  rate.  The  maximum  occurs  at  a 
lower  apparent  critical  speed  than  the  2000  RPM/second  constant  acceleration  rate.  In 
addition,  the  response  diminishes  similar  to  the  250  RPM/second  constant  acceleration 
rate.  Figure  16  is  the  angular  difference  between  the  XY  center  of  mass  of  the  disk  vector 
angle  and  the  angle  the  rotor  has  turned.  The  imbalance  begins  at  zero  and  ascends  to 
100°  at  the  switch.  From  the  time  plot  of  Figxjre  16,  after  the  switch  the  imbalance 
rotation  changes  from  a  parabolic  increase  to  a  nearly  linear  increase.  Upon  crossing  the 
apparent  critical  speed  the  imbalance  oscillates  about  180°. 

c.  Vibrational  Power  Transfer 

The  vibrational  power  transfer  plots  are  shown  in  Figure  17.  After  the 
switch,  the  power  transfer  drops  rapidly  with  respect  to  RPM.  The  time  plot  in  Figure  17, 
shows  that  the  power  decreases  at  the  same  rate  of  increase  prior  to  the  apparent  critical 
speed.  The  maximum  anq)litude  of  power  transfer  lags  behind  of  the  maximum  amplitude 
for  radial  displacement  by  10  RPM.  Figure  18  is  a  plot  of  the  angle  used  to  conq)ute  the 
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power  transfer.  The  power  transfer  fluctuates  about  zero  when  the  angular  difference 
oscillates  about  -90°  in  the  fer  supercritical  region. 

5.  Comparison  of  Constant  High  Acceleration  to  Acceleration 
Schedule 

The  computer  model  revealed  that  acceleration  scheduling  near  the  first  critical 
speed  did  not  reduce  the  maximum  amplitude  of  radial  displacement.  The  reason  for  the 
inability  for  the  rotor  to  execute  the  response  path  of  the  lower  acceleration  lies  in  the 
rotation  of  the  mass  imbalance.  When  the  acceleration  was  switched  from  high  to  low,  the 
mass  imbalance  was  at  100°,  upon  switching  the  imbalance  rotated  to  180°  and  oscillated 
about  this  value  while  the  response  diminished.  After  the  switch  the  response  increased  to 
10.4  mils. 

A  comparison  of  the  high  acceleration  rate  and  the  acceleration  schedule  radial 
displacement  is  shown  in  Figures  19  and  20.  In  Figure  19,  the  two  responses  are  plotted 
against  RPM.  In  Figure  20,  the  two  responses  are  plotted  against  time.  After  the 
apparent  critical  speed  is  past,  the  mean  radial  displacement  of  the  2000/250  RPM/second 
acceleration  schedule  is  2.05  mils.  The  supercritical  mean  radial  displacement  of  the  2000 
RPM/second  constant  acceleration  is  5.43  mils. 

Reed  [Ref.  1]  using  the  same  model  obtained  results  that  suggested  that 

acceleration  scheduling  is  possible.  His  results  indicate  the  response  will  decrease  rapidly 

after  the  switch  but  due  to  high  amplitude  transients  present  in  the  decreasing  response, 

the  maximum  amplitude  is  only  slightly  less  than  that  of  the  constant  2000  RPM/second 

response.  From  experience  with  the  computer  model  during  the  research,  this  type  of 

solution  could  be  caused  by  improperly  prescribing  the  rotor  conditions  when  switching  to 
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a  lower  acceleration. 


In  the  analysis,  the  conditions  of  the  stif&iess  and  damping  were  kept  symmetric 
and  the  cross-stififiiess  and  cross-damping  terms  were  set  to  zero.  This  simplification  was 
necessary  to  isolate  and  study  the  effects  of  acceleration  scheduling  on  the  vibrational 
power,  energy  and  the  rotation  of  the  mass  imbalance.  With  these  parameters  present  the 
solution  would  be  more  complicated.  The  effects  of  these  fectors  on  the  lateral  bending 
response  was  determined  in  detail  by  Reed  [Ref  1]. 
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Figure  5.  Vibrational  Radial  Displacement  of  an  Accelerating  Rotor. 

(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbfi'in,Cii=Cyy=0.04  Ibf-sec/in,  Acceleration 

rate  250  RPM/Sec). 
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Figure  6.  Angle  Between  the  XY  Center  of  Mass  and  Angular  Displacement  (@)  of  an 
Accelerating  Rotor.  (All  Cross  Terms  are  Zero,  Kxx=Kyy=496  lb£^in,Cxx=Cyy=0.04  Ibf- 

sec/in,  Acceleration  rate  250  RPM/Sec). 


Figure  7.  Vibrational  Power  Transfer  of  an  Accelerating  Rotor. 

(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lb£^in,Cxx=Cyy=0.04  Ibf-sec/in, 
Acceleration  rate  250  RPM/Sec). 
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Figure  8.  Angle  Between  Force  and  Velocity  Vectors  of  an  Accelerating  Rotor. 

(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbf7in,Cxx=Cyy=0.04  Ibf-sec/in,  Acceleration 

rate  250  RPM/Sec). 
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Figure  9.  Vibrational  Radial  Displacement  of  an  Accelerating  Rotor. 

(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbf/in,Cxx=Cyy=0.04  Ibf-sec/in,  Acceleration 

rate  2000  RPM/Sec). 
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Figure  10.  Angle  Between  the  XY  Center  of  Mass  and  Angular  Displacement  (0)  of  an 
Accelerating  Rotor.  (All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lb£'in,CxxFCyy=0.04  Ibf- 

sec/in,  Acceleration  rate  2000  RPM/Sec). 
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Figure  11.  Vibrational  Power  Transfer  of  an  Accelerating  Rotor. 

(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  Ibfyin,Cix=Cyy=0.04  Ibf-sec/in,  Acceleration 

rate  2000  RPM/Sec). 
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Figure  12.  Angle  Between  Force  and  Velocity  Vectors  of  an  Accelerating  Rotor. 
(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbffin,Cxx=Cyy=0.04  Ibf-sec/in,  Acceleration 

rate  2000  RPM/Sec). 
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Figure  14.  Representation  of  how  the  Shift  in  the  Apparent  Critical  Speed  may  be  used  to 

reduce  Maximum  Rotor  Response. 
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Figure  15.  Vibrational  Radial  Displacement  of  a  Rotor. 
Acceleration  Schedule  2000  to  250  RPM/Sec  at  2870  RPM 
(All  Cross  Terms  are  2^ro,  Kxr=Kyy=495  lbFin,Cxx=Cyy=0.04  Ibf-sec/in). 
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Figure  16.  Angle  Between  the  XY  Center  of  Mass  and  Angular  Displacement  (@)  of  a 
Rotor.  Acceleration  Schedule  2000  to  250  RPM/Sec  at  2870  RPM 
(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lb£'in,Cxx=Cyy=0.04  Ibf-sec/in). 


35 


2200  2400  2000  2000  3000  3200  3400 

RPM 


0  Q5  1  1.5  2  25 

lirTBsec 


Figure  17.  Vibrational  Power  Transfer  of  a  Rotor. 
Acceleration  Schedule  2000  to  250  RPM/Sec  at  2870  RPM 
(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbf7in,Cxi?=Cyy=0.04  Ibf-sec/in). 
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Figure  18.  Angle  Between  Force  and  Velocity  Vectors  of  a  Rotor. 
Acceleration  Schedule  2000  to  250  RPM/Sec  at  2870  RPM 
(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbf/in,Cxx=Cyy=0.04  Ibf-sec/in). 
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Figure  19.  Radial  Displacement  Comparison 
Acceleration  Schedule  (Upper  Plot)  to 
Constant  High  Acceleration  Rate  (2000  RPM/Sec)  (Lower  Plot)  . 
Acceleration  Schedule  2000  to  250  RPM/Sec  at  2870  RPM 
(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbi/in,Cxx=Cyy=0.04  Ibf-sec/in). 
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Figure  20.  Radial  Displacement  Comparison 
Acceleration  Schedule  (Upper  Plot)  to 
Constant  High  Acceleration  Rate  (2000  RPM/Sec)  (Lower  Plot) . 
Acceleration  Schedule  2000  to  250  RPM/Sec  at  2870  RPM 
(All  Cross  Terms  are  Zero,  Kxx=Kyy=495  lbf/in,Cxx=Cyy=0.04  Ibf-sec/in). 
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V.  SUMMARY,  CONCLUSIONS  AND  RECOMMENDATIONS 


A.  SUMMARY 

An  analytical  model  was  developed  to  predict  the  response  of  a  simple  rotor  with 
an  arbitrary  input  acceleration.  A  study  was  conducted  to  determine  the  possibility  of 
minimiTing  the  maximum  lateral  bending  response  by  acceleration  scheduling.  Although 
the  study  did  not  yield  the  anticipated  positive  results  theorized,  it  did  provide  insight  into 
the  mechanics  of  the  lateral  bending  response  in  this  region. 

B.  CONCLUSIONS 

The  simple  acceleration  schedule  of  switching  from  a  high  to  a  low  acceleration 
did  not  reduce  the  maximum  anqjlitude  of  lateral  vibrations.  The  acceleration  schedule 
used  in  the  model  produced  a  higher  amplitude  than  the  constant  high  acceleration  by  6%. 

The  analytical  model  predicted  that  acceleration  scheduling  reduces  the  amplitude 
and  number  of  high  lateral  bending  cycles  in  the  supercritical  speed  region.  The  mean 
amplitude  of  the  radial  displacement  is  62%  less  for  the  acceleration  schedule  response 
than  that  of  the  constant  high  acceleration  response. 

The  rotation  of  the  mass  imbalance  relative  to  the  instantaneous  disk  velocity  is  a 
frmction  of  the  inq)osed  acceleration  schedule.  The  angle  between  the  mass  imbalance  and 
the  instantaneous  velocity  of  the  disk  does  not  exceed  180°  until  the  rotor  is  supercritical. 

Above  the  apparent  critical  speed,  stabilization  of  the  angular  difference  between 
the  mass  imbalance  and  the  velocity  vector  at  180  °  is  necessary  for  the  amplitude  of  the 
radial  displacement  to  diminisL 
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C.  RECOMMENDATIONS 


1.  Experimentally  Verify  the  Results  of  Acceleration  Scheduling. 

The  predictive  capabilities  of  the  model  should  be  experimentally  verified.  The 
rotor  kit  should  be  modified  such  that  the  phase  angle  of  the  mass  imbalance  relative  to  the 
position  and  velocity  of  the  rotor  can  be  measured. 

In  addition  to  the  measurement  upgrade,  the  rotor  kit  would  require  a  motor 
controller  that  would  take  electronic  commands  fi'om  a  computer.  This  would  be 
necessary  to  achieve  an  acceleration  schedule.  The  computer  implemented  acceleration 
schedule  would  provide  reliable  and  repeatable  results. 

2.  Generalize  Results 

The  results  obtained  were  specifically  for  the  parameters  of  the  rotor  kit.  A 
theoretical  study  should  be  conducted  that  would  use  the  dimensionless  parameters  of 
Lewis  [Ref  2]  and  Gluse  [Ref  4].  Using  Lewis’  dimensionless  acceleration  and  fi-equency 
and  Gluse’s  dimensionless  parameter  for  imbalance,  stifi&iess  and  damping,  a  general 
description  of  the  accelerating  rotor  could  be  obtained.  The  study  could  reveal  the  values 
of  acceleration  needed  for  a  supercritical  rotor  to  stabilize  the  phase  angle  of  the  mass 
imbalance  of  1 80°. 
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APPENDIX 


Table  1.  List  of  specifications  of  the  rotor  kit  used  for  the  computer  model. 


Modal  Mass  of  the  disk  (M) 
Mass  of  the  eccentricity  (m). 

Eccentricity  (e) . 

Stiffiiess  (Kxx) . 

StifBaess  (Kyy) . 

Dancing  (Cxx) . 

Damping  (Cyy) . 


0.00061  Ibf-sec-sec/in 
0.0000057075  M-sec-sec/in  (1  gram ) 
1.2  in 
495  Min 
495  Min 

0.041bf-sec/in((;=0.0115) 

0.04  Ibf-sec/in  (^=0.01 15) 
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